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Abstract. Two variants of regularized shallow water equations are proposed based on two
variants of regularized Navier-Sokes equations, namely quasi-gasdynamic and quasi-
hydrodynamic equations. The regularization allows implementing efficient finite-difference
algorithms for the numerical solution, where the stability of calculations is provided by the
included regularization terms. The domain of validity of both variants is tested on the
problem of a hydraulic jump.
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1 INTRODUCTION

Based on a number of hypotheses, the inviscid flow of a liquid can be treated by the so-
caled Shallow Water Equations. This approach has been widely used in the mathematical
description of a number of problems|[1, 2].

The shallow water equations are closely related to the gasdynamic equations. they can be
derived formally from the barotropic approximation of Euler equations. It is the reason why
numerical agorithms for solving the shallow water equations are often based on numerical
methods for Euler equations.

Recently an efficient numerical agorithm for calculations of viscous and inviscid
compressible gas flows has been developed. It is based on a specia form of regularization in
the Navier-Stokes (NS) equation system that includes additional dissipative terms. The latter
have the form of second-order space derivatives in factor of a small parameter z. These new
equations were caled quasi-gasdynamic (QGD) and quasi-hydrodynamic (QHD) equations
[3, 4, 5]. The numerical algorithms based on QGD and QHD equations have shown their
efficiency in anumber of numerical computations for various problems of fluid dynamics.

In this paper the QGD and QHD additional terms are modified by the same transformation
that changes Euler equations into shallow water equations and added to the latter. Regularized
Shallow Water (RSW) equations are thus obtained. The corresponding numerical methods are
proposed and tested on the problem of hydraulic jump.

2 SHALLOW WATER EQUATIONSAND THE BAROTROPIC APPROXIMATION
OF EULER EQUATIONS

Euler equationsin index form writes

a_p+a(pui)20' (1)
ot OX
o(pu) 0 p
! - 1L - = f., 2
o +8XJ_(pu,u.)+ax pf )
oE 0
—+—Uu(E =puf . 3
at+a>gu'( +p)=puf ©)

The unknown in Egs (1)-(3) are the gas density p(X,t), the gas velocity u,(x;,t) and the
pressure p(x,t). Thetotal energy E(x,t) per unit-volumeis related to these unknown. For a
dilute gas with constant specific heats, we have E=(puu /2)+(p/(y -1)), where y is the
ratio of specific heats (adiabatic exponent). f, isan externa volume force per unit-mass.

The barotropic approximation consists in reducing the system, assuming that pressure
depends only on density

p=p(p). (4)

Assuming again the gas to be dilute with constant specific heats and its evolution to be
adiabatic and reversible (i.e. isentropic), we have

d d
®_, % (5)
p p
The shallow water equations for aflow over a plane horizontal bottom write
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oh ouh) _y, (6)
ot 0Ox
2
othu) ohuju) +i{gh }:o (7)
ot OX; ox| 2

Considering Euler equations in the absence of external volume force ( f, =0), egquations
(1) and (2) can be formally transformed into equations (6) and (7) if the gas density p is
replaced by h, and the pressure p is replaced by gh®/2. This replacement forces a
relationship between the variations of p and p:

®_,0, ©
p p
consistent with ¥ =2 in Euler equations. The formal change
p—>hpogh/2y—>2 9

will be applied to the regularization terms of QGD and QHD equations.

3 REGULARIZED SHALLOW WATER EQUATIONS

A detailed presentation of QGD and QHD equations can be found in [3]. In the absence of
external volume forces, both systems have the general form

% A _g (10)
ot ox
8(pui)+i(jm_ui)+@=inji, (11)
ot ox 0x  0X,

E, 0, Et p+iqi:injiuj. (12)
ot 0X p  OX OX;

J

Here IT; and q are the shear-stress tensor and the heat flux vector, respectively. j,, isa
modified mass flux vector, that differsfrom pu by asmall quantity

Jm = (U — W) (13)
with W = 1(1 (puyu) + - p] (QGD) (14)
p{ ox; OX
T auj 0
or W=—| py_—L+——p| (QHD). (15)
p 8xj OX

Similarly IT isamodified shear-stress tensor, equal to the Navier-Stokes (NS) one plus an
additional term.

The additional terms in both QGD and QHD systems involve a small parameter r that has
the dimension of atime. According to the application, = has a physical meaning (molecular
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relaxation time in rarefied gas flows, time-averaging parameter in turbulent flows) or can be
regarded as purely numerical, the additional terms acting as regul arizing terms.
When solving Euler equations for supersonic gas flows, the NS terms IT; and ¢ can be

kept as regularizing terms if the coefficients of viscosity 4 and thermal conductivity « are
expressed in terms of 7, eg., i = pr. It was shown that the regularizing additions have a

dissipative nature. For stationary flows they have the order of O(r%) . A wide range of Euler

flow calculations with QGD and QHD models can be found in, e.g., [3] and [5] and citations
therein. Recent results are presented in [6] and [7]. The associated agorithms are
characterized by the accuracy of the mathematical solution for oscillating flows, the natural
adaptation to unstructured space grids and the possibility of efficient implementation on
multiprocessor computers. The barotropic approximations of the QGD and QHD equations
were studied recently in [11] and [12].

Let us consider the barotropic approximation of Eqgs (10)-(12). By applying the formal
transformation (9), one obtains two variants of the regularized shallow water equation
systems. RSW1 based on the QGD approach and RSW2 based on the QHD approach.

We will apply these equations to a hydraulic jump and we restrict hereto a 1D flow over a
plane horizontal bottom.

RSW1 equations are obtained starting from Eqgs 5.51 and 5.52 of [3], applied to a 1D flow:

9p , 9(pu) _ o(pw) | (16)

ot oX OX
o(pu) 8(pu ) 6p 8(puw) oIl
ot OX 8x oX 8x

r O(pu®+p) 4 ou ( ou 8pj (8p j
W=—x———= Tl=—pu—+ur| pu—+— u—+ andpu=7p. (18
o ox 3o T P o T ax ox T Pax adu=TR.(18)

, With (a7

Replacing p, pand y by h,gh®/ 2 and 2, respectively, one obtains RSW1 equations:
oh N o(uh)  o(wh)

= 19
ot oX OX (19)
2 2
o(hu) N o(uh) +£ gh _ o(huw) +8_H’ (20)
ot OX ox| 2 OX OX
2 2
where we D O+ T2) i — el 2he Y| 2y (21)
h oX 3 g EX oX
RSW?2 equations differ by the regularizing right-hand terms:
oh N o(uh) _ o(wh) 22)
ot OX OX
2 2
o(hu) a(u h) gh a(huw) N oIl , (23)
ot oX 8x 2 OX OX
where w:r(u@Jrgahj dH—ﬂy@ (24)
OX OX 3 0OX
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The last term in the right-hand side of EQ.(23) looks like a usua viscous term. However,
the physical viscosity p isreplaced by 7 p — rgh®/ 2. This system (without the NS-like term)

has been used in [10] to compute the 1D time evolution of an initial level difference as, i.e.
after adam break.

4 NUMERICAL TEST-CASE: HYDRAULIC JUMP

4.1 Physical problem and analytic solution

P ——r

Th U1 h
% : 2 uz % 2 u2
hl | hl

(@ (b)
Fig. 1: Hydraulic jump

As atest-case, we treat the 1D flow of an inviscid liquid of density p, in a uniform gravity
field of intensity g. The velocity u is considered as uniform in a given section. The abscissa x
refers to the flow direction. The particular problem treated is the hydraulic jump, for which an
analytic solution exists.

A hydraulic jJump is a sudden change in the height h and velocity u of the flow. Fig. laisa
schematic view of the physical phenomenon. A 1D approach is not suitable to describe what
happens actually. However, a 1D approach is sufficient to express the conservation laws and
to relate conditions upstream and downstream of the jump, referred to as (1) and (2),
respectively. The problem issimplified asin Fig. 1b.

The relation between conditions (1) and (2) is obtained by applying mass-conservation

hu, =hu, (25)

and the conservation of momentum in the flow direction on the rectangle of height h, between
sections (1) and (2). We neglect friction forces on the bottom and on the atmosphere. Thus the
only forces are pressure forces. The pressure distribution is linear (i.e. hydrostatic) in a given
section. Let po denote the atmospheric pressure. Reasoning per unit-width, we obtain the

pressure forces ( P, + pg%)hl + py(h, —h) and (po + pg%)h2 in the positive and negative

directions, respectively. Their difference is equal to the increase of momentum flux
puh(u, -u)=p uh((h/h)-1) . Thus

(g} e st e oot o= puin 1)
which simplifies as uf{gﬂ%&x%j, (26)

We introduce the Froude number, which is the ratio of flow velocity to the velocity of
surface waves

Fr, (27)

-4 and Fr, = _ %
(gh)" (gh)"*
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and Eq.(26) becomes Fr, = Y 3 =(£(1+ EJE] : (28)
(gh) 2\ hJh

If the upstream Froude number is known, we obtain the height ratio h, / h, as the solution
of the second order equation X* + X — 2Fr? =0, that has only one positive solution

1 2\U2
%:E(—1+(1+ 8Fr?) ) (29)
Then we deduce h, = hlx%, u, = hhzul, Fr, =( lft)m .
g

h, / h, isanincreasing function of Frl, with the limiting case h = h, for Fr, =1.
The hydraulic jump equations are perfectly symmetric in (1) and (2). However the second
law of thermodynamics requires that the hydraulic energy (specific head) does not increase.

Therefore (hl+ u’ / 2)—(h2 +U5/ 2) must be not negative. This requires Fr, >1 (torrential

regime) and therefore h, > h,u, <u, Fr, <1 (fluvial regime). A hydraulic jump is equivalent
to a normal shock in a 1D gas flow that makes the flow switch from supersonic (Mach

number >1) to subsonic (Mach number <1).
The hydraulic jump is arather severe test-case, due to the discontinuity.

4.2 Numerical algorithm

As was done for QGD and QHD equations, the RSW1 and RSW2 equations were solved
by an explicit finite-volume approach, using a central finite-difference approximation for al
terms, including the convective ones.

The regularizing terms are favorable to the stability of the solution. They act as artificia
dissipation and depend on a single parameter r which istaken locally as

7(X,1) = a0 AX/ c(X,1), (30)

where c(x,t) =(g h(x,t))”2 is the local speed of surface waves and Ax is the computational
grid step. The value of o must ensure stability, while keeping the results close to the exact

solution.
The time step was taken from the Courant stability condition

At = B min(Ax/ c(x,t)), (31)

where the minimum is calculated over all grid points at a given time. The constant $ hasto be
adjusted to ensure stability. Based on expression (31), At is readjusted at each time step and
becomes constant when convergence is gpproached. However for the present problem, the
maximal value of h at convergenceis h=h,. Therefore, we take

At = B (Ax/ (g h,)") (32)

and do not readjust it during the calculation.

A parametric study was carried out to determine the domain of convergence of the
algorithm in terms of a and g for different values of Fry, and to check the correctness of the
numerical solution, compared with the analytical one, schematized in Fig.1b.
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The acceleration of gravity was taken equal to 9.81 m.s?. h, was taken arbitrarily equal to
1m. The values of ui, h;, up, h, were calculated anaytically and used to prescribe the
boundary conditions. The initial conditions were characterized by a smooth variation of h
from hy at input to hy at output and the corresponding value u = (hu,) / h.

Unless otherwise specified, the computational domain had a length L = 100m and was
divided into N=500 intervals of size Ax=0.2m. The calculations were stopped at a
predefined maximal physical time. Convergence was monitored by recording the
adimensional residues

(33)

1 N-1 U'JJrl u'l
res,, = > | and res_,, = max
N _1 i=1 0

The calculations were carried out on a persona computer. The CPU time depends directly
on the value of S. It is approximately inversely proportiona to f.

The length of the computationa domain was much larger than the jump thickness.
Physically, the position of the jump in the computational domain is undetermined. Therefore,
the profiles can be arbitrarily transated along the x-axis. Their exact position is not
significant. However, in the present figures, their position is indicated as obtained by the
calculation.

When the calculations converged, the final residues were very small, probably governed by
the computer precision, i.e. the final state was perfectly steady.

4.3 Reaultsfor RSW1

Computations were carried out for the first variant of RSW equations (RSW1). Hydraulic
jumps were successfully calculated with
Fr,.=1.1, h =1m, u, =3.445m/s, h, =1.134m, u, = 3.038m/s

Fr,.=2,h =1m,u, =6.264n/s, h, = 2.372m, u, = 2.641m/s
Fr,=5,h =1m, u, =15.66m/s, h, =6.589m, u, = 2.377nV/s
Fr,=10, h =1m, u, =31.32m/s, h, =13.65m, u, = 2.294m/s.

For each test-case, different values of a were used. For a given a, different runs with
increasing values of f were computed until divergence (Table 1). The highest acceptable
value of # was retained and the corresponding line appears in bold in Table 1. The highest
admissible value of g is plotted in Fig. 2 as afunction of o and Fr;.

Only the results obtained for Fr1 =2 and Frl = 10 will be discussed here.
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run Fry a B At (s) tmax (S) r€Savg r€Smax CPU (s)
RSW1-01 1.1 0.20 0.30 1.80E-02 1500 6.7E-17 1.0E-15 6.8
RSW1-02 1.1 0.40 0.30 1.80E-02 1500 7.9E-18 2.2E-15 6.7
RSW1-03 1.1 0.40 0.50 3.00E-02 1500 1.9E-16 1.0E-15 4.3
RSW1-04 1.1 0.60 0.30 1.80E-02 1500 1.9E-17 1.4E-15 6.4
RSW1-05 1.1 0.80 0.20 1.20E-02 1500 2.3E-17 3.9E-15 10.7
RSW1-06 1.1 1.00 0.20 1.20E-02 1500 3.5E-17 3.5E-15 10.4
RSW1-10 2.0 0.40 0.30 1.24E-02 500 3.7E-17 8.5E-15 3.1
RSW1-09 2.0 0.60 0.20 8.29E-03 500 6.8E-17 1.7E-14 4.8
RSW1-08 2.0 0.80 0.10 4.15E-03 500 3.0E-18 1.0E-15 9.4
RSW1-07 2.0 1.00 0.10 4.15E-03 500 9.7E-18 3.0E-15 9.5
RSW1-14 5.0 0.40 0.02 4.98E-04 500 2.6E-16 7.0E-14 76.1
RSW1-13 5.0 0.60 0.06 1.49E-03 200 4.2E-17 1.2E-14 10.6
RSW1-12 5.0 0.80 0.05 1.24E-03 250 9.7E-17 3.2E-14 15.9
RSW1-11 5.0 1.00 0.02 4.98E-04 200 8.4E-17 2.3E-14 325
RSW1-17 10.0 0.60 0.01 1.73E-04 250 2.6E-15 5.5E-13 119.7
RSW1-16 10.0 0.80 0.01 1.73E-04 250 6.4E-16 2.0E-13 114.1
RSW1-15 10.0 1.00 0.01 1.73E-04 250 6.3E-16 2.5E-13 114.6
RSW1-18 10.0 0.60 0.01 1.73E-04 250 5.6E-15 1.7E-12 112.8
RSW1-19 10.0 0.60 0.01 1.73E-04 400 9.8E-11 1.1E-08 180.0

Table 1: Summary of runswith RSW1
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Fig.2: Maximal admissible value of 4 as afunction of o and Fr; (RSW1)

The convergence history and the spatial distribution of depth h for Fry = 2 are plotted in
Figs.3 and 4, respectively. All grid points in the vicinity of the jump have been plotted. The
jump is very stiff (1-2 grid steps) and accompanied by oscillations that decrease with
increasing a.
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Fig.3: Convergence history for Fr; = 2 (RSW1)
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Fig.4: Distribution of depth h for Fr; = 2 (RSW1)

The convergence history and the spatial distribution of depth h for Fr; = 10 are plotted in
Figs.5 and 6, respectively. The choice of a does not affect much the convergence rate, nor the
stiffness of the jump. The jump is still very stiff (1-2 grid steps). However, it is clear that
small values of a lead to unacceptable oscillations. The profile decreases strongly ahead of the
physical jump: hisaslow as0.35 m for Fr; =10 and a = 0.6.

While most calculations have started from a sinusoidal initia profile, the run RSW1-17
was repeated as run RSW1-18 starting from a linear initia profile (Fig.7). The computation
revedls the same convergence rate (Fig.8) and the final results are indistinguishable when
plotted.
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Fig.5: Convergence history for Fr; = 10 (RSW1)
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Fig.6: Distribution of depth h for Fr; = 10 (RSW1)

As explained in section 3, the NS-like terms can be kept as regularizing terms, as was done
in the calculations presented above. Because the regularization has a somewhat arbitrary
character, run RSW1-17 was repeated as run RSW1-19, with the NS-like terms removed. The

term 2“% was removed from /7 in Eq.(18), which results in the coefficient 5/3 replaced by
X

1 in EQ.(21). The convergence is much slower (Fig.9). However, the fina profiles are very
similar (Fig.10) if we remember that the profiles can be translated arbitrarily along the x-axis.

10
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Fig.7: Initial profiles for Fr; = 10 (RSW1)
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Fig.8: Convergence history for Fr; = 10, o = 0.6 (RSW1, influence of initial profiles)

11
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Fig.9: Convergence history for Fr; = 10, a = 0.6 (RSW1, influence of NS-like regularizing terms)
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Fig.10: Distribution of depth h for Fry = 10, « = 0.6 (RSW1, influence of NS-like regularizing terms)

44 Resaultsfor RSW2

A similar approach was applied to the second variant of RSW equations (RSW2). The
initial conditions were characterized by alinear variation of h from hy at input to h, atoutput
and the corresponding value u = (hu,) / h.

The conditions used for the different runs are summarized in Table 2. For a given Froude
number and a given «, different runs with increasing values of S were computed until
divergence. The highest acceptable vaue of f was retained. The corresponding lines
appear in bold in the tables.

Thefirst case considered was characterized by

Fr,=1.1, h =1m, u, =3.445m/s, h, =1.134m, u, = 3.038M/s.

The convergence higory and the goatid didtribution of depth h are plotted in Fgs11 and 12,

respectively.

12
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Increasing o from 0.05 to 0.5 reduces the osdllations of the solution and smultaneoudy
thickens the jump (Fg.12). This incresses the gability of the equation sysem and dlows
increesing S and reducing the computing time. However increesng o beyond 0.4-0.5 does not
dlow afurther increese of f.

The run RSW2-09 was obtained with the same parameters as run RSW2-05, except that the
grid ep wastwice larger. Thethickness of the jump wasidenticd intermsof grid Seps.

The length of the computationa domain was much larger than the jump thickness and did not
afect thefind profile, when changed from 100 to 200 m.

run Fr, a B At (s) tmax (S) reSa r€Smax CPU (s)
RSW2-01 1.1 0.05 0.05 3.00E-03 1000 7.8E-17 1.5E-14 30.6
RSW2-03 1.1 0.10 0.10 6.00E-03 1000 3.0E-17 1.1E-14 14.4
RSW2-04 1.1 0.10 0.15 9.00E-03 1000 4.1E-18 1.4E-15 10.3
RSW2-05 1.1 0.20 0.30 1.80E-02 1000 2.9E-16 3.7E-15 5.3
RSW2-06 1.1 0.30 0.40 2.40E-02 1000 5.6E-17 2.3E-15 4.0
RSW2-07 1.1 0.40 0.50 3.00E-02 1000 5.7E-16 3.9E-15 3.2
RSW2-08 1.1 0.50 0.40 2.40E-02 1000 5.3E-17 1.1E-15 4.0
RSW1-09 1.1 0.20 0.30 3.60E-02 1000 6.0E-17 1.2E-15 1.7
RSW2-16 2.0 0.50 0.20 8.29E-03 250 2.4E-17 1.7E-15 2.7
RSW2-14 2.0 0.80 0.10 4.15E-03 250 1.3E-17 2.1E-15 5.5
RSW2-13 2.0 1.00 0.10 4.15E-03 250 2.8E-17 5.4E-15 5.4
RSW2-17 2.5 1.00 0.05 1.82E-03 500 2.0E-17 5.2E-15 23.8

Table 2: Summary of runs with RSW2
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1.E-04
> 1E-06
o
"%__, 1.E-08 = alpha=0.05
-'% 1E-10 = alpha=0.1
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Z 1E14

= alpha=0.4
1.E-16 alpha=0.5

1.E-18 . . . . .
0 200 400 600 800 1000

Time t ()

Fig.11: Convergence history for Fr; = 1.1 (RSW2)
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Fig.12: Distribution of depth h for Fr; = 1.1 (RSW2)

A similar set of calculations was carried out for
Fr,=2,h =1m,u, =6.264n/s, h, = 2.372m, u, = 2.641m/s.

Convergence could not be obtained for a < 0.5. Only the highest acceptable value of B is
indicated in Table 2.

Finally, a hydraulic jump with

Fr,=2.5h =1m, u, =7.830m/s, h, = 3.071m, u, = 2.550m/s

was also caculated. Only one set of parameters (a =1, =0.05) resulted in a converged
result.

For Frl = 3, no combination of parameters («, 5) could be found to ensure convergence.

The maximal admissible value of f to be used when computing a hydraulic jump with the
RSW?2 equations is plotted in Fig.13 as a function of « and Fr;. As aready mentioned before
and also observed for RSW1 (Fig.2), increasing a beyond 0.5 does not allow increasing 3 and
thereisno gain in terms of computing time.

045 -
0.40 -
0-35 1 ——Frl=11
0-30 1 —W—Fr1=2
B 0-25 1 —h—Frl=25
0.20 -
0.15 -
0.10 -
0.05 - A
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a

Fig.13: Maximal admissible value of # as afunction of « and Fr; (RSW1)
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5 CONCLUSION

The shallow water equations have been completed by regularization terms derived from
additional terms contained in the Quasi-GasDynamic (QGD) and Quasi-HydroDynamic
(QHD) equations. Although developed for gases, these terms could be applied to aliquid flow
by considering the formal analogy between Euler equations and shallow water equations. Two
variants of the resulting Regularized Shallow Water (RSW) equations were presented: RSW1
based on QGD terms and RSW2 based on QHD terms.

The regularizing terms involve an adjustable parameter a. Increasing a increases the
stability of the system and allows the RSW equations being solved with a simple numerical
algorithm, rather than by high-order numerical schemesasin[11, 12].

RSW equations have been applied to a test-case consisting in a hydraulic jump,
characterized by its upstream Froude number Fr;. A parametric study has been carried out on
thistest-case. The analytic solution served as a reference.

The computational time step is governed by the Courant parameter . The maximum
admissible value of S depends on Fr; and on a. Although the additional terms improve the
stability of the system, increasing a beyond 0.4-0.5 does not alow increasing further the time
step.

Hydraulic jumps with Fr; as high as 10 could be solved efficiently with RSW1 equations.
The limits of the acceptable (o, ) domain have been indicated.

RSW2 equations have a smaller domain of application. No acceptable combination of
(e, B) could be found for upstream Froude numbers larger than 2.5.

The additional terms may include or not Navier-Stokes-like viscosity terms. The presence
of thesetermsis favorable to the stability.

The presented equations are very simple in their algorithmic implementation. The system
converges fast with decreasing the mesh step. RSW methods may be efficiently generalized
for unstructured triangular grids and may be efficiently implemented in modern
multiprocessor and multinuclear calculation modules.

They appear as promising tools for the ssmulation of flowsin real natural conditions.
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