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1. INTRODUCTION

The shallow water (SW) equations are a simplified model of the full Navier–Stokes equations, which
describe unsteady viscous compressible flows in three dimensions. In the derivation of the SW equations,
it is assumed that the medium is a fairly thin layer with a depth much smaller than its horizontal size.
Therefore, the vertical velocity in the layer can be neglected, assuming that the horizontal velocities are
constant over the depth. Additionally, the fluid is assumed to be incompressible and subject to gravity and
its temperature is a constant.

The SW equations are a widely known approximation that underlies the numerical simulation of a vari�
ety of problems in ecology, water flows in rivers, reservoirs, and coastal regions in seas and oceans, glacier
movements, tsunamis, and atmospheric circulation problems. These problems are closely related to the
subject of A.A. Dorodnicyn’s earlier works dealing with the motion of air over mountains. Some of the
analytical solutions obtained by Dorodnicyn can now be supplemented with numerical solutions of these
problems based on the SW equations with allowance for bed roughness.

In the case of no external forces or additional complicating factors, the SW equations can be derived
from the classical Euler equations in the barotropic approximation. This analogy between the SW and
Euler equations for an inviscid compressible gas is well known, and that is why numerical algorithms for
solving the SW equations are based, as a rule, on methods developed for the Euler equations. This idea is
used below. Specifically, previously developed methods for computing three�dimensional unsteady gasdy�
namic flows are used to construct algorithms for flow computation in the shallow water approximation.

In [1–4] a method for regularizing the Navier–Stokes and Euler equations was proposed and studied,
which makes it possible to construct efficient numerical algorithms. These algorithms are based on the
quasi�gasdynamic (QGD) and quasi�hydrodynamic (QHD) equations, which have been successfully used
in the numerical simulation of a wide variety of compressible and incompressible viscous flows. In contrast
to the Navier–Stokes and Euler equations, the QGD/QHD equations have additional conservative terms
appearing due to the introduction of a two�velocity gasdynamic flow model, which is caused by selecting
diffusive fluxes in the continuity equation. The additional terms play the role of regularizers and ensure
the stability and accuracy of numerical algorithms constructed with allowance for these terms. Specifi�
cally, for the QGD/QHD equations, a theorem is proved stating that the total thermodynamic entropy
does not decrease, which confirms the dissipative character of the additional terms.

In this paper, we describe two methods for constructing regularized SW equations and show that they
are directly related to the QGD/QHD equations. The first method is based on the barotropic approxima�
tion of the QGD/QHD equations, while the second method uses an integral representation of the original
SW equations and allows one to obtain the corresponding additional terms to various versions of these
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equations. Finite�difference algorithms for the SW equations are proposed, which are closely related to
existing methods for solving the QGD/QHD equations. As examples, we solve the Riemann problem and
compute the flow over an obstacle and asymmetric dam break in two dimensions.

2. SHALLOW WATER EQUATIONS AS THE BAROTROPIC APPROXIMATION
OF THE GASDYNAMIC EQUATIONS

In some works (see, e.g., [5–8]), an analogy is drawn between the SW equations and the Euler equa�
tions describing inviscid gasdynamic flows.

In the flux representation, the Euler equations are written as

(1)

(2)

(3)

Here, the unknowns are the gas density ρ(x, t), the velocity u(x, t), and the total specific energy E. For an
ideal polytropic gas, E = ρ(u2/2 + ε) = 0.5ρu2 + p/(γ – 1). Here, p(x, t) and ε(x, t) are the pressure and
internal energy of the gas, which are related via the equation of state, and γ is the ratio of specific heats.

The barotropic approximation of the gasdynamic equations is a simplification in which the pressure in
the gas is assumed to depend only on density:

(4)

Then the total energy equation is eliminated from the general system, and the concept of the first adiabatic
index is introduced:

(5)

for an ideal polytropic gas, Γ = γ. 
Using the barotropic approximation of system (1)–(3) for a two�dimensional plane flow and setting

(6)

we derive the SW equations for flows over a flat bed (see, e.g., [8]). Here, g is the acceleration due to gravity.
Thus, for flat�bed flows in the case of no external forces, the SW equations have the form

(7)

(8)

Here, the unknowns are the fluid height (depth) h(x, t) and the fluid velocity u(x, t).

In the SW model, the analogue of the Mach number in gas dynamics,Ma = , where c = 

is the speed of sound in the gas, is the Froude number Fr = . Moreover, the velocity of propagation

of small perturbations is calculated as c = . 

In [1–3], two systems of equations were derived that extend the Navier–Stokes equations; they are
called the systems of quasi�gasdynamic (QGD) and quasi�hydrodynamic (QHD) equations. Both systems
can be viewed as the Euler or Navier–Stokes equations with regularizers, which allow one to construct
efficient numerical methods for a wide range of problems in gas dynamics. In the barotropic approxima�
tion, the QGD and QHD equations can be used to derive two versions of regularized SW equations for
flat�bed flows, respectively.
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In the traditional notation, the QGD/QHD equations with zero external forces and sources have the
form

(9)

(10)

(11)

In contrast to the Navier–Stokes equations, the mass flux density jm is not equal to the momentum flux
ρu but differs from the latter by a small quantity w:

(12)

Thus, the QGD/QHD systems are two�velocity models, i.e., systems of equations involving the velocity
jm/ρ, which is related to the mass flux, and the velocity u, which is related to the momentum flux. These
velocities differ by a small quantity w. As a result, a small additional term appears in the viscous stress ten�
sor and the heat flux.

For the QHD system of equations derived by Yu.V. Sheretov in 1996, the addition to the velocity and
the viscous stress tensor are given by the formulas

(13)

(14)

where ΠNS is the Navier–Stokes viscous stress tensor. For this QHD system, the heat flux coincides with
the corresponding quantity q = qNS for the Navier–Stokes equations. Here, τ is a small quantity with the
dimension of time, which is called a regularization parameter or a time�smoothing parameter. The terms
with the coefficient τ can be regarded as regularizing additional terms in the Navier–Stokes equations.

For the QGD system, the corresponding quantities have a more complex form. They are given by the
formulas

(15)

(16)

(17)

It has been shown that the regularizing terms have a dissipative character and have the order of O(τ2) for
steady flows. The barotropic approximations of the QGD/QHD equations were studied in [9–11].

By analogy with the classical approach, passing to the barotropic approximation in system (9)–(12) for
two�dimensional flows and making substitution (6), we obtain a regularized system of SW equations of the
form

(18)

(19)

where, as before, the mass flux is denoted by jm and is given by the formula

(20)

For the QHD system, the additions to the velocity and the viscous stress tensor (13), (14) in the SW
approximation are given by the formulas

(21)
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(22)

For the QGD system, the corresponding quantities are constructed as based on (15) and (16) and are
given by the formulas

(23)

(24)

Depending on the problem in question, ΠNS is included into or dropped from the equations.

Thus, by applying the barotropic approximation (6) to the QGD and QHD equations, we obtain two
systems of SW equations with regularizers. Both systems are constructed in the simplest case of flows over
a flat bed with no external forces.

In Section 3, we describe a method for constructing regularized SW equations with allowance for bed
roughness and external forces. The latter can be, for example, wind, the Coriolis force, or bed friction.
The approach described can be used to construct regularizers for other forms of SW equations arising in
applications.

3. EXAMPLE OF CONSTRUCTION OF GENERAL REGULARIZED EQUATIONS

In [1, 3] a method for deriving the QHD/QGD equations was proposed based on three basic conser�
vation laws written for a small but finite fixed volume of gas. In [2] this method was used to derive the QGD
equations for gas flows with allowance for external forces and heat sources.

This approach is used below to construct regularized SW equations with allowance for external forces
and bed roughness. We start from the two�dimensional SW equations written in the flux form (see [8]):

(25)

(26)

(27)

In system (25)–(27), the unknowns are the velocity components ux(x, y, t) and uy(x, y, t) and the water
height h(x, y, t), which is measured from the bed, whose profile is given by the function b(x, y). Here, fx

and fy denote the components of the given external force.

Following the method for deriving the QHD/QGD equations from the Navier–Stokes equations, sys�
tem (25)–(27) is rewritten in an integral form by applying integration over a small but finite volume ΔV
with the boundary Σ. The differential time derivative is replaced by its difference analogue computed on
the finite time step Δt:

(28)

(29)

Here, for notational convenience, we used the index form of the original system (25)–(27) and introduced
the tensor Λi, j with components 
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Next, we make the natural assumption that the starred quantities in the integrals correspond to an
intermediate time level t < t* < t + Δt; i.e., h*(xi, t) = h(xi, t*) and (xi, t) = ui(xi, t*). Thus, we assume that
the fluid height and velocity vary over the short time interval Δt. These variations are small, and if the
derivative exists and is sufficiently smooth, they can be estimated, retaining the first term in the series
expansion in time. Assigning t* to the midpoint of the time interval Δt, t* = t + Δt/2, and introducing τ =
(Δt)/2, we can write

(30)

Using expansions (30) and retaining the terms of the first order of smallness in τ yields

(31)

Here, by analogy with the construction of the QHD/QGD systems, we introduced the mass flux expres�
sion

where

The time derivatives in (31) were transformed using Eq. (26).
In the same fashion, we obtain

where

and

Expressions for the tensor components  at the intermediate time level are derived in a similar
manner:

The expressions for Πij have the form of first spatial derivatives with the coefficient τ: 
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Returning to the integral form of Eqs. (28) and (29), dropping the terms of order O(τ2), and replacing
the difference time derivative by its differential analogue, we obtain the differential SW equations 

(32)

(33)

(34)

where

(35)

System (32)–(35) is closely related to the original SW equations and, at τ = 0, passes into system (25)–
(27). The form of the terms with τ is determined by the form of the original equations. Therefore, station�
ary solutions of the original system (25)–(27) are stationary solutions of system (32)–(35). An example of
such solutions is that of the lake at rest problem: for the steady�state problem with ux = uy = 0 in the
absence of external forces (fx = fy = 0), the SW equations satisfy the hydrostatic balance condition

(36)

i.e., in this case, the water level in the lake is horizontal: h(x, y) + b(x, y) = const. The SW equations
with additional terms are also satisfied by this solution, which can be checked by substituting it into sys�
tem (32)–(35).

The above regularized SW equations correspond to system (18)–(20) with closure (23), (24) derived as
the barotropic approximation of the QGD system. A numerical algorithm and numerical examples com�
puted using Eqs. (32)–(35) are given in the next section.

Corresponding to closure (21), (22), the regularized SW equations with allowance for bed roughness
and external forces are derived in a similar manner under the assumption that the fluid velocity varies,
while the fluid height remains unchanged over the shot time interval τ. This means that we have to set h* =
h in (30). For one�dimensional spatial flows, these SW equations and an example of solving the Riemann
problem are given in [12].

4. NUMERICAL SIMULATION OF ONE�DIMENSIONAL FLOWS

For one�dimensional plane flows, the regularized SW equations (32)–(35) have the form
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(40)

By analogy with algorithms developed for the QGD equations, the regularized SW equations (37)–
(40) are solved using an explicit difference scheme with all the spatial derivatives approximated by central
differences. Difference schemes of this type have proved to be highly efficient and accurate as applied to
the computation of viscous compressible gas flows (see, e.g., [1–3, 13]).

The values of the desired variables h(x, t) and u(x, t) are determined at spatial grid points i. The values
of the variables at the half�integer spatial points i + 1/2 are calculated as the arithmetic mean of the values
at neighboring points:

(41)

By using the values at half�integer points, we compute fluxes (39) and (40) at these points:

(42)

where

(43)

In the same manner,

(44)

At the next stage of the numerical method, the first SW equation is approximated as

(45)

where the index k denotes the current time level and the time step is Δt. All the spatial derivatives are cal�
culated at the time step k. 

The flow rate equation (38) is approximated as follows:

(46)

Here,

(47)

The above approximation ensures that the algorithm is well balanced. This means that the numerical
scheme does not violate the natural condition that, in the absence of external forces, the fluid at rest with
the horizontal surface h(x) + b(x) = const cannot spontaneously start moving over a rough bed; i.e., the
condition u = 0 is preserved (the lake at rest problem). This property of the difference scheme can be
checked by directly substituting the discrete solution ui = 0, hi + bi = const into the system of difference
equations (41)–(47) for the steady�state problem. For well�known numerical algorithms, this property is
achieved, as a rule, by applying rather complicated constructions (see, e.g., [14, 15]).

The stability of the numerical algorithm is ensured by the terms with τ. Its value is related to the spatial
mesh size Δx and is calculated as
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where 0 < α < 1 is a numerical coefficient chosen so as to ensure the accuracy and stability of the algo�
rithm. As a stability condition, we use the Courant condition, where the time step is given by the formula

(49)

Here, the Courant number β (0 < β < 1) is a function of τ and is chosen in the course of the computations
so as to ensure the stability of the numerical solution.

Below, we present examples of well�known test problems solved using the above�described difference
algorithm. Uniform spatial meshes were used in all the computations.

4.1. Test 1: Riemann Problem 

The performance of the method was verified by solving the Riemann problem, which is also known as
the planar dam break problem. This problem was used in [8, 16] to test numerical difference methods for
solving the SW equations based on algorithms based on the first� and second�order accurate Godunov
schemes. This problem was also addressed in other publications, for example, in [14], where well�bal�
anced schemes based on the kinetic approach were tested, and in [17], where finite�difference algorithms
of an arbitrary order of accuracy were constructed. It was noted in [14] is that most computational algo�
rithms with upwind differences used for flux approximation fail to calculate this test.

Consider the one�dimensional plane flow of a fluid in a channel of length L with a flat bed b = const.
Initially, at the center of the domain, there is a discontinuity of the water height separating two homoge�
neous states with the water heights h = hl and h = hr to the left and right of the discontinuity, respectively.
Initially, the fluid to the right and left of the discontinuity is at rest: ul = ur = 0. The Riemann problem was
calculated for hr/hl ranging from 0.5 to 0.0001, but we present only the results obtained with the same
parameters as in [6], where L = 2000 m, hl = 10 m, hr = 0.1 m, and g = 9.8 m/s2. The results correspond
to t = 50 s.

Figure 1 shows the profiles of h(x) computed on a sequence of uniform spatial grids with the mesh sizes
Δx = 0.5, 1, and 2 m (the solid line depicts the self�similar solution). Fragments of the general pattern are
presented in Fig. 2, where the grid points are shown by markers: triangles for Δx = 2 m, squares for Δx =
1 m, and circles for Δx = 0.5 m. In the computations, the regularization parameter (48) was calculated at
α = 0.1. The plots show that the numerical solution converges monotonically to the self�similar one as the
spatial grid is refined.

The dependence of the numerical solution on the regularization parameter is demonstrated in Fig. 3
(fragments). Specifically, the figure depicts the profiles of h(x) obtained on a grid with the mesh size Δx =
2 m for a sequence of regularization parameters (48) calculated at α = 0.05, 0.1, 0.2, and 0.3. The time
step (49) is Δt = 0.02 s, which corresponds to the Courant number β = 0.1. As α increases, the disconti�
nuity of the solution is smoothed. As α decreases, oscillations appear in the numerical solution (at α =
0.05) and, with a further decrease in the regularizer, the solution becomes unstable. Experience gained
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from the computations suggests that there are ranges of optimal values of α, Courant number, and the
mesh size that ensure the required accuracy of the solution.

For a difference algorithm with a regularizer of form (13), (14), the stability of the discrete solution
depending on τ was studied in [12]. It was shown that there is an optimal value of α for which the time step
is maximal.

For α = 0.1, the discontinuity occupy 5–6 grid points (Fig. 2), and as α decreases, the discontinuity
transition can be reduced to 3–5 grid points. In precision numerical algorithms (which are considerably
more sophisticated), the discontinuity can be approximated over fewer grid points. In [14], for example,
the discontinuity is approximated at 3–4 grid points, while the generalized Riemann method (see [16])
makes it possible to describe the discontinuity over 1–2 grid points. However, these methods are substan�
tially inferior to the authors’ algorithm in terms of the amount of arithmetic operations per time step per
spatial grid point.

4.2. Test 2: Transcritical Flow over an Obstacle 

This test is the classical problem of transcritical flow over an obstacle, where the Froude number varies
from smaller�than�unity to large�than�unity values, including supercritical ones. Depending on the initial
and boundary conditions, a fixed discontinuity (hydrodynamic jump) may or may not form in the flow.
For flows with no discontinuity, the SW equations have the exact solution

The SW equations with a regularizer are also satisfied by this solution, since, for it, all the terms with
τ vanish.

Following [14], consider two most complicated case of transcritical flow with and without the forma�
tion of a hydrodynamic discontinuity. The length of the channel is 25 m, and the shape of the bed is de�
scribed by the function b(x) = 0.2–0.05(x – 10)2, if 8 < x < 12, and b(x) = 0 otherwise.

Case 1: flow with no discontinuity. The left boundary condition was hu = 1.53m2/s, ∂h/∂x = 0. The flow
drift conditions were set on the right: ∂h/∂x = 0, ∂u/∂x = 0. The initial condition was specified as h + b =
0.4 m, u = 0.

The computed values of hu and jm agree to high accuracy with the analytical solution of this problem:
Q0 = jm = hu = 1.53 m2/s. In the region over the bed hump, the difference between the computed and exact
values of hu is ~0.001 m2/s. The computations were performed for α = 0.6, β = 0.05, and Δx = 0.0625 and
0.125 m. The last value coincides with that in [14], but the error in the computed value of hu over the bed

hu Q0 const,
Q0

2

2gh
2

��������� h b+ + const1.= = =

1.2

5 x

h + b

1.0

0.8

0.4

0.2

0

0.6

10 15 20

b

Fig. 4.

α = 0.3
α = 0.2
α = 0.1
α = 0.05
Exact solution

2.4

2.0

1.6

1.2

0.8

0.4

0
1580 1600 1620 1640 x

h

Fig. 3.



COMPUTATIONAL MATHEMATICS AND MATHEMATICAL PHYSICS  Vol. 51  No. 1  2011

REGULARIZED SHALLOW WATER EQUATIONS AND AN EFFICIENT METHOD 169

hump is less than in that [14], where a cumbersome gas�kinetic algorithm was used. It is well known that
the accurate determination of the flow rate over an obstacle is computationally more difficult than finding
the fluid velocity or height in this region.

Figures 4 and 5 depict the distribution of h + b and the Froude number for the mesh sizes Δx =
0.0625 m (solid line) and 0.125 m (squares). It can be seen that the numerical solutions differ little as the
grid is refined, which suggests the achieved accuracy. It can also be seen that the flow is transcritical: while
passing over the bed hump, the velocity increases so that the Froude number becomes higher than unity
(Fig. 5).

Case 2. Flow with a fixed discontinuity. The formation of a hydrodynamic discontinuity was caused by
the following boundary and initial conditions: on the left boundary, we set hu = 0.18 m2/s and ∂h/∂x = 0,
while, on the right boundary, h = 0.33 m and ∂u/∂x = 0. The initial conditions were specified as h + b =
0.33 m, u = 0.

The numerical solution behind the discontinuity exhibited computational instability manifested in grid
oscillations of the solution. To smooth these nonphysical oscillations, by analogy with the QGD algorithm
for supersonic gas flows, the term

was added to expression (40) for the viscous stress tensor. This term is an additional regularizer of the type
of Navier–Stokes viscosity.

The computations were performed for α = 0.6, β = 0.1, and Δx = 0.125 m (dashed line) and 0.0625 m
(solid line). The results are presented in Figs. 6–8.

Figure 6 depicts the computed values of jm (squares) and hu. The exact solution of the problem corre�
sponds to the flow rate Q0 = hu = 0.18 m2/s. In the entire flow region, jm = Q0 for both grids. The flow rate
hu agrees well with the analytical value everywhere, except for a narrow zone near the discontinuity, where
oscillations are observed in a domain that occupies 8–10 mesh steps and decreases with mesh refinement.

Figures 7 and 8 show the distribution of the fluid height and the Froude number for the indicated grids.
It can be seen that the computed fluid heights are very close for both grids (Fig. 7) and that the numerical
results for the Froude number converge monotonically to the analytical solution (Fig. 8). The maximum
Froude number is Frmax = 2.35 for Δx = 0.125 m and Frmax = 2.48 for Δx = 0.0625 m, while the analytical
value is Frmax = 2.78. Note that, in contrast to the results presented in [14] and in the works cited in [14],
the Froude number does not become higher than its analytical value.

According to [14], the agreement between the numerical and analytical solutions above the obstacle is
the most difficult problem for nearly all numerical algorithms.
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5. COMPUTATIONAL SCHEME FOR TWO�DIMENSIONAL FLOWS
AND ASYMMETRIC DAM BREAK

A numerical algorithm for two�dimensional flows is constructed in the same manner as for one�dimen�
sional flows. System (32)–(35) is approximated using the finite volume method with all the spatial deriv�
atives approximated by second�order accurate central differences. Overall, the method is similar to that
used for solving the QGD equations for two�dimensional flows (see, e.g., [2, 13]).

The capabilities of the two�dimensional algorithm are illustrated by computing the unsteady flow
caused by an asymmetric dam break. This is a well�known test problem. Its formulation can be found, for
example, in [17, 18] (see also the references therein). In these computations, the external forces are
ignored (fx = fy = 0) and the bed is assumed to be flat: b(x, y) = 0.

Following [18], we considered the flow generated by an instantaneous break of a dam separating two
water basins. The water heights in the left and right basins were 10 and 5 m, respectively. The length of the
discontinuity was 75 m, and the beginning of the discontinuity was located at the point with coordinate
y = 95 m (see Fig. 9). The thickness of the dam wall was 10 m, and its left�hand side was located at the
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point with coordinate x = 95 m. Reflecting boundary conditions were set on all the boundaries of the dam;
g = 9.8 m/s2.

Figures 9 and 10 show the fluid height, the streamline distribution (tangents to the velocity), and lines
of constant Froude number for t = 7.2 s computed on a uniform spatial grid with the steps Δx = Δy = 1 m.
The computations were performed for α = 0.2 and β = 0.2. The figure displays the characteristic features
of the flow developing by the indicated time, namely, a smoothed nonmonotone profile to the left of the
discontinuity, a sharp but monotone profile in the right basin, and wave reflection from the upper wall of
the basin.

Figures 11 and 12 depict the one�dimensional distributions of h(x) and Fr(x), respectively, along the
line y = 160 m computed on a sequence of grids with the steps Δx = Δy = 1 (line 1), 2 (line 2), and 4 m
(line 3). The plots suggest that, with grid refinement, the numerical solution converges to the reference
one, which was defined as the solution of the problem presented in [18]. More specifically, in [18] the dam
break problem was solved on an unstructured spatial grid with the help of two high�order accurate numer�
ical algorithms, which yielded similar results. The numerical results produced by the algorithm with reg�
ularization for Δx = Δy = 1 m agree well with the solution from [18] obtained with steps of ~2 m.
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The two�dimensional algorithm was adapted to computations on a multiprocessor computer system
with the use of geometric parallelism, MPI interface, and the C programming language. The efficiency of
the parallel implementation was close to optimal, and a nearly 10 times speedup was achieved on a 10�pro�
cessor system. The computations were performed on a grid with Δx = Δy = 0.5 m until the time t ~ 30 s.
The resulting flow patterns show that the wave reflects from the right wall of the domain and moves back
to the dam site. Additionally, a sharp increase in the fluid height is observed in the upper right corner of
the right basin. The computations on a fine grid revealed the details of the formation of separated flows
near the protruding segments of the dam. Specifically, more vortex formations were observed on a finer
grid. Figures 13 and 14 show fragments of the vortex flow near the upper part of the dam computed on
grids with steps of 1.0 and 0.5 m at the time t = 7.2 s. A more detailed resolution of the vortex formations

can be seen on the finer grid.
1
 

6. CONCLUSIONS

The QHD and QGD systems in the barotropic approximation were used to derive the SW equations
with regularizers. The same equations with allowance for external forces and bed roughness were obtained
using an integral representation of the SW equations. The resulting regularizing terms have the form of
second spatial derivatives and are closely related to the corresponding additions to the QHD/QGD sys�
tems. The constructed additional terms do not violate the hydrostatic balance of the system.

A numerical algorithm for solving the SW equations was proposed and tested. The algorithm is based
on the finite volume method with all the spatial derivatives, including the convective terms, approximated
by central differences. The stability of the algorithm is ensured by the regularizing terms. The stability con�
dition is the Courant condition. 

The algorithm was tested by computing the Riemann problem, the transcritical flow over an obstacle,
and asymmetric dam break. For the one�dimensional computations, the numerical results were found to
converge to the analytical solutions as the spatial grid is refined. In the two�dimensional problem, the
numerical results agreed with reference data obtained using high�order accurate schemes.

Due to its simplicity, accuracy, and applicability to problems of various natures, together with the low
computational costs and the possibility of parallel implementation, the numerical algorithm proposed by
the authors can compete with expensive high�order accurate methods.
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