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Abstract

The present rvork airrr.s at clarifying the donrain of valitlity of
tlvo coutinuuru approaches by cornparing their results to a reference
given by a Direct Siurulation lUonte Clarlo nrethocl (DSNIC). The first
continuurn approach is ba-secl on the rrsual Navier-Stokes (NS) equa-
tions. The secontl one is based on the Qua-si-Ga-s-D-vnarrric (QCID)
equations rvhich are derived fronr Boltzrnann equation rvith an ad-

ditional diffusion terrn. The present paper includes a self-consistent
presentation of QC-lD equations. The florv atound a flat plate ha-s

been considered for a freestrearn Nlach nurnber var.ying frorn 1.5 to
20 and a rvall teurperature taken successively equal to freestrearrr ancl

stag;nation ternperature.s. A criterion is proposed for the valiclity of
the contiuuurn approaches.

1 Introduction
The treatment of rarefiecl gas florvs bl' rneans of equations ba.secl on the
mechanics of continuurn media is clesirable because solving such equations
requires less computational resources than methocls lla.serl on a nrolecular
clescription. The present rvork airns at clarifying'the donrain of validity of
tlvo continuum approaches by comparing their results to a reference given
by a Direct Simulation tv-lonte Carlo method (DSùlC). The first continuum
approach is based on the usual Navier-Stokes (NS) equations, the seconcl

one is basecl on the Quasi-Gas-Dynamic (QCiD) equations. The latter
ones can be considered as a nelv moclel for the description of viscous gas

florvs. The present report is also an opportunit-v to give self-consistent
presentation of QGD equations.
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2 Contparison of Contirtrrunt an,d tr[olecular Appronches

2 Quasi Gas Dynalnic rnodel

QCiD equabions may be oblainecl ba-secl on Boltzrnann equation (BE) rvith
aclditional cliffusion terrns, e.xtractecl from the collisional integral [+]. tlsing
cartesian coorclinates ancl usual notations, QClD s.l'stern rsrites a.s follorvs:

pt * Y ;ptti = v ;lJ(v l puiuj + Yip) (2.1)

(puu), *ViprtiuL + Vtp = Y,4Vr'p,,i,,juÀ +
p

Vr4Vtpr'' * V;4çrout+ Vr'{V;pr'ppp (2.2)

È

Et*Y;(E +p)ui =v,Ivi(t 121,)uiui + v,f,vi*# *
__:;v,{vi;,1Ç;,tV;?" (2.1)
1-t p

Note that !/p = r is ùhe tirne that characterize-s the florv frorrr a
n.rolecular point of vierv aucl nray be interpretecl as the local mean colli-
sional time multipliecl by a constant of the orcler ol unit3', that clel:encls
onl.v ou the intetrrrolectrlar poiential. Note also that using lroprrlar non-
clintensional fornt ancl introclucing illach nrrmlrer tr[ = rr/a antl Re-vnolcls
rrtrrrrber Re - puLflr rtrakes the coeflicient IVltte al)l)ear before all the
right-hancl terrns in Eq. 2.1- 2.3, a.s in NS systenr.

Consiclering the perlect gas ecluatious

E = p(ti2/2*e), e = p/pj- l), p - pRT

ancl aclcling finally the initial ancl boundar-r' conclitions, rve obtaiu a closecl
systenr of equations rvhich clescribes the space-tirne evolution of the nracro-
scol>ic parameters of the gas: 17 - velocity, p - clensity, p - I) res.su re, Ë - total
energy, ? - ternl>erature, € - internal energ,v.

The first variant, of QCiD equations can be founcl in [6], [7]. A further
QCiD development is preseutecl in [9], [10] ancl [ll].

Finite-clifference schernes for QCiD dquations are closel.v relatecl rvith
Kinetical-Consistent Finite Dif[erence (li(iFD)schemes constructecl by au-
thors [6], [4, [8] earlier ancl;basetl directl.v on a moclel BE or on a finite-
clifference approximatiou of BE. The possibilitl' of applying I(C:FD schemes
obtained in the latter rvay for compuling slightly rarefied ga-ses is consiclerecl
in [12].

QGD equations cliffer from N.S equations by the stnrcture of lhe clissi-
pative terrns. They rvere provecl to recluce to NS equations in the lirniting
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case of small l(ntrclsen numl.rers [9]. The continrrit.v equation 2.1inclucle.s
convective ancl rnolecr.rlar mass tratrsfer ancl it features adtlitional space
clerivatives of higher orcler than the corre.sponcling NS equation. This is
the reason lvhy QGD system recpires att aclclitional bounclary conclition
(BC) compared with N.S. That additional BCi rças applied to the pressure
graclieut normal to the rvall in the form

0p/t)n = 0. (2.4)

This relation provicles thal Q(lD expressions for rnass florv, total energy
flux ancl viscous friction forces ou the solid rvall are the same as NS ones.
So the rvall coefficients for heat transfer C,'7, ancl skin-frictiou Ci in both
rnoclels are clefinecl in the sarne rva!'. As for NS equations, others BCI for
velocity vector arrcl tenrperature can be rvritten, eitlrer as ui = 0, T =T,u
(no slip) or accorcling (e.g.) to [l] or [3] (velocit-v slip ancl iernperature
junrp).

3 Computational rvork
The comparison of the three al.rove-nrentionecl ntoclels requires an identical
physical rnoclelling of the gas for all three calcrrlations. Thi.s rvas obtairred
by consictering a rnonoatorrric har'd-sphere ga.s (l - 5/3), rvhose transport
prolrerties rvere representet'l in the contitrurrrn approaches by a p x Tr/2
viscosit,r' larv n11ql ir constant Pranclbl nuutber (Pr = 2/3). Tenrperature ?
identified rviilr the translati,rrral temperature in DSIlCj.

The configuration retainecl rvas a semi-irrfinite sharp flat plate parallel
to the clirection of the freestrearn. Five values of the Irlach nurnber rvere

consi<leretl (/1/ = 1.5,2,5,10,20). The onl.v length scale of the lrroblern
lvas the rnean free path À. For a given ltlach nrrnrber, the rarefaction level,
expressecl in terms of an,v of the usual pararneters (/frr, fte-, r?e,, P, tr)
coulcl thus be variecl b1'consiclering cliflerent valrres of the abscissa î, rarlg-
ing frorn 0 to aplrroxinratell'100À. The rvall ternperrttrrre rvas set equtl
successively to the freestrearrr terrrl)eratrrre (?. = T-) ancl to the slagna-
tion tenrperatrrre (fl, = 7o). (.ias-surface interac(iorr lva.s clraracùerizecl b,l'

diffuse reflectiou lvith full accoilrrroclation at rvall teulperature.
NS code uses a finite-l'olrrrrre uprvincl irnplicit nretho<l rvith flrrx vector-

splitling of Steger ancl \\"arming [5]. Q(;D cocle uses second order finite-
volume space approxinration in explicit forrn. Tlris numerical methocl i.s

probably not the most efliciettt one, but the objective rvas to exanriue the
valiclity clomain of QCllt equations rather than optimizing their numerical
solution. Both NS ancl QGD calculations assunrecl the gas to be perfect
and accounted for velocity slip ancl ternperature juml> at the rvall Il], [3].
DSNIC calculations lvere carriecl otrt using a cocle developecl at, the Labora-
toire d'Aérotheunique c{u CNRS based on the itlea-s of Bird [2] and briefly
described in [5].
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The restrlts are presentecl iu dirnensionless forrn basecl on freestrearn
values. Lengths are reclucecl by the freestream mean free path. l)ue to
space limitations, results are presentecl onl.r' for It[ = 2 and 11 = 10. Other
results confirm the pre.sent conchlsions.

The rvall Pressure clistribtrtion for 7L. = 7- ancl Tu = To has been
plottecl in Figs.l-2. Tlrese figures exhibit tlvo curves obtained frorn DS\IC
calculations, namell'the thernrodl'namic pressure of the gas along the rvall,
as resrrltecl frorn the equation ol state p = nkT, aud the norrrral stress F,,
clue to the exchange of nornral nrorneutrrmbelrveen the gas ancl the rvall. In
the continuuru approacltes these tlvo ç611ç.U;t coincicle rvhereas thev cliffer
stronglf in DSù'lCj results. The clistribrrtion of skin-friction coefficient has
been plotlecl in Figs.3-4. Density profiles obtainecl at reducecl abscis.sas
equal [o 10, 40 ancl 80 are preseutecl iu Figs.5-6.

4 Discussion and Conclusiotrs
Numerical re.:ult.s.shorv that for snrall Iinrrclsen nrrrnbers (i.e. large abscis-
sa.s) NS and QCiD rnotlels give the sarne results. This is consistent rvith
the facl that NS equations are the as.vrnptotic limit of QCiD equatiorrs for
I{n - 0 [9]. This is also the confirrnationolthe validit.vof B(lusecl irr the
present QCiD calcrrlatiorrs.

For srnall NIach nurubers both continuurn rnoclels corrre rapiclly to close
agreerttent with D.Sùl(:. llow'ever the region near the trailing eclge is affectecl
by the differences in fornrulatiug the clorvnstrearu l-lotrrrclar-v coudition.s. As
À1 increa.ses, discrepancies a1>pear near the leading edge olthe plat,e. ftotlr
these tliscrel)ancies atrcl the extent ol the regiorr rvhere the.r' al)l)ear increase
rvilh increasing ltt. QC.ID results are generl[[1,closer to DSIt(j than NS
ones. 'fhis is drre to aclclitionirl <li.ssipation in QCID rrroclel. The ratio of
adclitional ternrs in Q(iD to the NS one in the right-hand sicle of E<1.2.2 is
proportional to À12. So the clifference bets'een Q(iD and NS inmeases rvith
/lI. Tlrus QCiD equations can be consitlerecl as an irrryrseç6111p11t, coruparecl
rvith the rrsual N.S e(luation.s iu tlre donrain of large.,l/ irr -slip-florv regirrres.

Ilorvever both continuunr nrodels depart fLonr DStr[Ci at abscissas:r: that
corresponcl to values oî lvl/t/EÇ ranging fronr * 0.f (&, = 1-) to = I
(7. = ?o). Tlris Parameter that can be iuterPretecl a.s a Iintrclsen trurrll>er
basecl on the bounclary layer thickrre.s.s Iirr,l = À-/6 appears to be a l,asis
for an a1:proximate valiclity criterion for. continurrln approaches. r\ nrore
complete presentation of the present rvork (inclucling details on e<lrtations
and additional uun'rerical results) can lre found in [13].

It results fronr tlre trrresent lvork that

o QGD equations can be consiclered as a moclel for the clescription
of viscous giw florvs. linder some conclitions QCiD erluations bring
significant irnprovement compared rçith NS ones. Obherrvise QCll)
and NS resulbs tend to collapse.
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. For small values of IV , contiutltrnt moclels are valicl excel>t in the
immecliate vicinit.v of the leacling eclge. I\[ore generall-v a criterion
can l>e proposecl for the validity of the continuum approach.
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Figure 1. Pressure distributions, Il[ =2
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